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Abstract

In the present paper, we study strongly minimal partial orderings in the signature containing only the
symbol of binary relation of partial order. We use for partial orderings such characteristics as the height
of a structure that is the supremum of lengths of ordered chains, and the width of a structure that is the
supremum of lengths of antichains, where an antichain is a set of pairwise incomparable elements. The main
result of the paper is a criterion for strong minimality of an infinite partial ordering of height two having an
infinite non-trivial width.
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Introduction

Recall [1] that an infinite structure M is said to be minimal if for any formula ¢(z) of the
language of M, with parameters from M, either (M) or —p(M) is finite. A theory T without
finite models is said to be strongly minimal if any model M of T is minimal. Models of a strongly
minimal theory are said to be strongly minimal, too.

Recall that a partial order on a set is a binary relation < satisfying:

Asymmetry VaVylr <y — = (y < z)];

Transitivity VeVyVz[(z <y Ay < z) = x < z].

A set equipped with a partial order on it is a partially ordered set or partial ordering.

Let M = (M, <) be an infinite partial ordering. Assuming that M is strongly minimal we have
only finite <-chains and the lengths of these chains are bounded, since unbounded lengths imply
existence of structures N that are elementarily equivalent to M with infinite chains {a; | i € Z},a; <
a; for i < j, that violate the strong minimality by any formula « < a;. Thus, the height h(M), that
is the supremum of lengths of <-chains in M, must be finite for a strongly minimal structure M.
Therefore, further we consider here only infinite partial orderings with finite <-chains.

Also, since M is infinite, it has an infinite width w(M) that is the supremum of cardinalities of
<-antichains.

For any infinite partial ordering with finite <-chains M = (M, <) we can consider the corre-
sponding graph structure Mg = (M, R?), where R(a,b) iff either @ is an immediate predecessor of
b or a is an immediate successor of b with regard to the partial order < for any a,b € M. We say a
subset A of a partial ordering M = (M, <) is a connected component if A is a connected component
in Mg = (M, R?).
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We say a connected component is trivial if it is a chain. We say a trivial connected component is
an n-component if it is a chain of length n, where 1 < n < w. We say a 1-component is a singleton.
The following theorem describes strongly minimal partial orderings with finite non-trivial width:

Theorem 1 |2, 3| An infinite partial ordering M = (M, <) with a finite non-trivial width is strongly
minimal iff M has infinitely many singletons and additionally can have only finitely many finite
connected components which are not singletons.

In the recent paper [3], strongly minimal partial orderings having a finite non-trivial width were
completely described. Here we study strongly minimal partial orderings having an infinite non-trivial
width. In the present time, the class of strongly minimal theories is an object of active investigations.
In [4], rank properties for families of strongly minimal theories were studied. In [5], some interesting
results on strongly minimal structures were obtained that lead to a finer classification of strongly
minimal structures with flat geometry.

Materials and Methods

Here we study partial orderings in the signature containing only the binary relation of partial
order. Methods using for studying are classical methods of Model Theory, in particular, methods
of studying strongly minimal structures.

Results and Discussion

Recall that an element a of a partial ordering M is said to be minimal if there is no element
in M that is less than a. Also, an element a of a partial ordering M is said to be maximal if
there is no element in M that is greater than a. Observe that any singleton of a partial ordering
is both maximal and minimal element of the ordering. Also, any maximal (minimal) element of a
non-trivial connected component of a partial ordering is not minimal (maximal).

Example 2 Let M = (M, <) be a partial ordering consisting of exactly one infinite non-trivial
connected component of height two having exactly one maximal element. Then, obviously, M is a
strongly minimal structure having an infinite non-trivial width.

We say that an element a of a partial ordering M has up-degree (down-degree) m for some
m € w if there exist exactly m elements of M being an immediate successor (predecessor) of a. If
there are infinitely many elements of M being an immediate successor (predecessor) of a then we
say a has infinite up-degree (down-degree). Obviously, a has both up-degree 0 and down-degree 0
iff a is a singleton.

Theorem 3 Let M = (M, <) be an infinite partial ordering of height two having an infinite non-
trivial width. Then M is strongly minimal iff the following holds:

(1) M contains exactly one non-trivial connected component of height two having both an infinite
set of maximal (minimal) elements and a non-empty finite set of minimal (mazximal) elements;

(2) If M contains exactly m minimal (maximal) elements of infinite up-degree (down-degree) for
some 1 < m < w then almost all mazimal (minimal) elements have down-degree (up-degree) m;

(3) M contains only finitely many finite connected components of height at most two.

Proof of Theorem 3. (=) Let M be a strongly minimal structure. Since M has an infinite non-
trivial width, we have that M contains infinitely many non-trivial connected components or at least
one infinite non-trivial connected component. If M contains infinitely many non-trivial connected
components then we obtain that M contains both infinitely many minimal elements and infinitely
many maximal elements. This contradicts the strong minimality of M. Consequently, M contains
only finitely many non-trivial connected components.. . . U

Recall that a first order theory is said to be totally categorical if it has exactly one model in
each infinite power.
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Corollary 4 Any strongly minimal partial ordering of height two having an infinite non-trivial
width s totally categorical.

Conclusion

Thus, we obtained a complete description of strongly minimal partial orderings of height two
having an infinite non-trivial width. As a corollary, we have that such strongly minimal partial
orderings are totally categorical.
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HA3BAHUWE CTATbU HA PYCCKOM 4A3bIKE

AnHoTanus

B nacrosmeit cratbe Mbl mCCiielyeM CHJIBHO MUHUMAJIbHBIE YACTHYHBIE MOPSIIKA B CHUTHATYPE, COIEP-
JKaIeil TOJIbKO CHMBOJI OMHAPHOI'O OTHOIIEHHSI, BBIPAXKAIOIIEr0 YaCTUYHBIN HOPSAOK. Mbl HCHOIb3yeM
JUUTSL YACTUYHBIX MOPSAJIKOB TaK/We XapaKTEPHCTHKU, KaK BBICOTA CTPYKTYPbhI, O3HAYAIONIAs CyIpPEMYM JIJIMH
YIOPSAOYEHHBIX IeNefl, U IUPUHA CTPYKTYPhI, O3HAYAIOIIAs CYIPEMYM JJINH aHTUIIENEl, IJjile aHTHUIENb
— 9TO MHOXKECTBO TOMAPHO HECPABHUMBIX 3JieMeHTOB. (OCHOBHOI pE3y/IbTAT CTAThbU — KPUTEPUU CUIBHOI
MUHAMAJBHOCTH OECKOHETHOIO0 YACTUIHOIO MTOPSIIKA BBICOTHI /IBA, UMEIOINE OECKOHEIHYI0 HETPUBUAJIBHYIO
MUPUHY.

KuroueBbple cJiioBa: CHJIBHO MUHUMAJIbHAS CTPYKTYpPa, YACTUUHBIA MOPAJIOK, CBSI3HAS KOMIIOHEHTA,
MaKCUMAaJIbHBINA 3JIEMEHT, MUHUMAJIbHBIN 3JIeMEeHT.
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HA3BAHUWE CTATbU HA KABAXCKOM 4A3BIKE

Anpgarmoa

By 3eprreyme 6i3 xkapThuTait peTTi GLIAIpeTiH OMHAPJIBIK, KATHIHACTHIH TAHOACHIMEH FaHa AHBIKTAJIATHIH
KOJI TaHOAIap/Iarbl KYIITI MUHUMAJIIBI XKapThLIail peTTiTiKTepai TaaaaiiMbi3. 2KapThuiail peTTiTikTep yimiu
KYPBUIBIMHBIH, OniKTiri (perresireH Ti36eKTep/iH Y3bIHIBIKTAPBIHBIH YKOFAPFBI IIET) YKOHE KYPbIIBIMHBIH
el (aHTUTIZ6EKTEPIIH Y3bIHILIKTAPBIHBIH, YKOFAPFBI IIErl) CHSIKTBI CUIIATTAMAJIAP KOJIaHbLIagabl. MyHza
AHTUTIZ0EK el ©3apa CaJbICTHIPHUIMANTHIH 3JIEMEHTTED KUBIHTHIFBI TyciHmipitemi. Ocbl KyMmbicTa 0613
MTEKCIi3 TPUBHAJILI €MeC eHi Dap KYITI MUHIMAJIBI XKapThlaail peTTIIKTepIi KapacThipaMb3. MakaTaHbIH
HETi3ri HOTHUKeCi — IMEKCi3 TPUBUAJIILI eMec eHi 6ap »KoHe OMiKTIri eKire TeH, MeKci3 XKapThliail peTTITIKTePIiH
KYIITI MUHAMAJJIBLIBIFBI VIIIIH KAXKETTI »KOHE YKeTKIJIKTI MapTTHIH aHBIKTAIYbI.

Tipek ce3mep: KyIITi MUHEMAJIIBI KYPBLIbIM, XKaPThLIail PETTUIK, KaJFfaHFaH KOMIIOHEHT, MaKCHMAJI-

JbI 3JIEMEHT, MUHUMaJIIbI 9JIEMEHT.
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